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SMOOTHINGS OF SINGULARITIES AND SYMPLECTIC 

SURGERY 

HEESANG PARK AND ANDRAS I. STIPSICZ 



Abstract. Suppose that C = (Ci , . . . , C m ) is a configuration of 2-dimensional 
symplectic submanifolds in a symplectic 4-manifold (X, ui) with connected, 
negative definite intersection graph Fq. We show that by replacing an ap- 
propriate neighborhood of UCi with a smoothing W$ of a normal surface 
singularity (S, 0) with resolution graph Tq, the resulting 4-manifold admits 
a symplectic structure. This operation generalizes the rational blow-down 
operation of Fintushel-Stern for other configurations, and therefore extends 
Symington's result about symplectic rational blow-downs. 



1. Introduction 



Suppose that X is a closed, oriented 4-manifold. Recall that in the rational 
blow-down procedure (introduced by Fintushel and Stern [8] and extended by J. 
Park [19]) the tubular neighbourhood of a collection of embedded spheres S = 
(Si, . . . , Sk) in X is replaced by a specific compact 4-manifold Ws with boundary, 
providing the closed 4-manifold X$. The spheres intersect each other according 
vq 1 to a linear graph Tg, and their self-intersections are determined by the continued 

2 

fraction coefficients of the ratio — ~zi f° r some p > q > relatively prime integers. 
The 4-manifold Ws in the construction can be interpreted as a particular smoothing 
■ of the singularity which has the plumbing graph as its resolution graph. (In fact, 

in the rational blow-down construction Ws admits the further property that it is a 
rational homology disk, that is, H*(Ws;Q) = H*(D 4 ;Q).) 

The success of the rational blow-down construction stems from the fact that it 
produces 4-manifolds with interesting differential topology. The curiosity of the re- 
suting smooth structure can be measured by the Seiberg-Witten invariants of Xs- 
In fact, for the rational blow-down construction there is a simple relation between 
the Seiberg-Witten invariants of the 4-manifold X and the resulting 4-manifold 
Xs [8]. In specific cases the nonvanishing of the Seiberg-Witten invariant of Xs 
can be explained using symplectic topology: according to a result of Symington 
[221 [23], if (X,uj) is a symplectic 4-manifold and the spheres in the configuration S 
are symplectic submanifolds (intersecting w-orthogonally) , then Xs admits a sym- 
plectic structure (hence by Taubes' theorem [21] it has nontrivial Seiberg-Witten 
invariants) . This symplectic feature of the construction has been extended to fur- 
ther configurations of symplectic surfaces in symplectic 4-manifolds and further 
smoothings of singularities in [TJ [9] [TO] [H] - The general case, however, stayed open 
and was formulated as Conjecture 1.4 in 11 . The aim of the present paper is to 
prove this conjecture. Informally, the result says that if we have a configuration of 
symplectic surfaces in a symplectic 4-manifold which intersect each other according 

l 
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to a negative definite matrix, we collapse them to a point, and deform the resulting 
complex singularity, then the deformation 'globalizes in the symplectic category'. 

To formulate the theorem precisely, suppose that (X, w) is a closed symplectic 
4-manifold and C — (C±, . . . , C m ) is a collection of smooth, closed 2-dimensional 
submanifolds which satisfy the following properties: 

• each Cj is a symplectic submanifold and C — UC, is connected, 

• Ci intersects each other Cj w-orthogonally in at most one point, and 

• the intersection matrix / = (C, ■ Cj) (with the self-intersections in the 
diagonal) is negative definite. 

Suppose that Tq is the (connected) plumbing graph corresponding to the curve 
configuration C . By our assumption it is a negative definite plumbing graph, where 
the vertex v corresponding to the surface C' v is decorated by the self-intersection 
e v = C v • C v < and by the genus g v = g(C v ) > 0. According to a fundamental 
result of Grauert [13], for any such graph there is a normal surface singularity (S, 0) 
with resolution dual graph equal to Tc ■ (The analytic type of the singularity is not 
necessarily unique, although its topology is determined by the graph Tc-) Suppose 
that Wc is a smoothing (or Milnor fiber) of the chosen singularity (S, 0). 
The main result of the present paper then reads as follows. 

Theorem 1.1. With the notations above, let vC denote a tubular neighbourhood of 
the union UC,. Then, under the assumptions listed above, there is an orientation- 
reversing diffeomorphism <f>: d{X — mtvC) — )• dWc such that the glued-up manifold 

X C = (X- inti/C) U W c 

admits a symplectic structure which is equal to the restriction of uj over X — vC . 

The main idea of the proof of the above result is the following: by [UJ the con- 
figuration C = UiCi admits an w-convex neighbourhood Uc, with boundary dUc 
supporting a compatible contact structure £c- The smoothing Wc, on the other 
hand, admits the structure of a Stein domain, inducing the so-called Milnor fillable 
contact structure £m on dWc- By our assumption dUc and dWc are orienta- 
tion preserving diffeomorphic 3-manifolds. The main tool in verifying Theorcm ll.il 
is the result showing that £c and £m are, in fact, contactomorphic. Therefore 
taking a contactomorphism tp: {dUc,£c) — > (9Wc,^m), the gluing of symplectic 
4-manifolds along contact hypersurfaces (as it is explained in [7], cf. also [IB]) con- 
cludes the argument. In turn, the fact that the two contact structures £c and £m 
are contactomorphic will be proved by relating two compatible open book decom- 
positions. The existence of this contactomrphism was verified in p] [11] for specific 
families of configurations of C; in this paper we extend the result of [TT] by con- 
structing an appropriate horizontal open book decomposition on dUc compatible 
withfc (cd. Theorem[3J2]) 

The paper is organized as follows. In Section [2] we quickly recall some facts 
about horizontal open book decompositions, and in Section [3] we give the proof of 
the main result of the paper. In Section [4] we show an example where the resolution 
graph involves curves of high genus. 

Acknowledgements: HP would like to thank Andras Nemethi for valuable 
discussions. The main part of the work in this paper was done during HP's visit 
(supported by W-PR program of KIAS) to the Alfred Renyi Institute of Mathemat- 
ics, whose hospitality and support are gratefully acknowledged. HP was supported 
by Basic Science Research Program through the National Research Foundation 
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2. Horizontal open book decompositions 

By the Giroux correspondance |12) . open book decompositions play a central 
role in contact topology. For completeness, in this section we recall some facts and 
constructions regarding specific open book decompositions on plumbed 3-manifolds. 
We start with a general definition. 

Definition 2.1. Suppose that Y is a given closed, oriented 3-manifold. The pair 
(B, p) is an open book decomposition on Y if B C Y is an oriented 1- 
dimensional submanifold and p: Y — B — > S 1 is a locally trivial fibration with 
the property that a fiber p^ 1 ^) is the interior of a Seifert surface of B. The sub- 
manifold B is called the binding of the open book, while the closure of a fiber 
ip it) is called a page. Two open book decompositions (B,ip) and (B',tp') of the 
diffeomorphic 3-manifolds Y and Y' are equivalent if there is an orientation pre- 
serving diffeomorphism g: Y —> Y' with the properties that g(B) — B' (as oriented 
Tmanifolds) and <p = ip' o g. 

According to the Giroux correspondence |12j , an open book decomposition uniquely 
determines an isotopy class of compatible contact structures. Recall that the con- 
tact form a is compatible with the open book decompositions {B, ip) if B is tangent 
to the Reeb flow R a defined by a, while the interiors of the pages are transverse to 
the Reeb flow. 

By a classical result of Stallings [20], in a rational homology 3-sphere an open 
book decomposition is determined by its binding. For manifolds with bi > this 
principle no longer holds. By considering specific classes of 3-manifolds and open 
book decompositions, however, a similar statment can be proved. For the statement 
we need a little preparation. (For related notions, see also [6].) Suppose that Y 
is a graph manifold, that is, it is given by the plumbing construction along a 
weighted graph V. This means that we consider circle bundles over the surfaces 
corresponding to the vertices (with Euler numbers specified by the framings of the 
graph) and plumb these pieces together. 

Definition 2.2. An open book decomposition (B, ip) on a graph manifold Y is 
horizontal if the binding B is the union of fibers of the individual fibrations, the 
pages are transverse to these fibrations and the orientation induced by the pages on 
the binding coincides with the orientation given by the fibration. 

Let n = (n v ) denote the vector of nonnegative numbers specified by the binding 
components at each vertex v of the plumbing graph V. Now the version of Stallings' 
result (due to Caubel-Nemethi-Popescu-Pampu) is the following: 

Theorem 2.3 ([3]). Suppose that (B,<p) and (B', ip') are two horizontal open book 
decompositions of the plumbing 3-manifold Y = Y"r • If n = n' and for each vertex 
v we have n v — n v > then the two open book decompositions are equivalent, and 
hence the compatible contact structures are contactomorphic. □ 

By another result of Caubel-Nemethi-Popescu-Pampu, horizontal open book 
decompositions compatible with the Milnor tillable contact structure £m are easy 
to construct: 
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Proposition 2.4 (Theorem 4.1 of [3]). Let p : {S,E) — > (S,0) be a good resolution 
of a normal surface singularity (S, 0), where E is a normal crossing divisor in S 
having smooth components Ex, ... , E m with E = J^. Ei. Assume that the nonzero 
effective divisor D = ^ d%Ei (d% £ N) satisfies 

(D + E + Ke) ■ Ei + 2 < for any i = 1, . . . , m. 

Then there exists a holomorphic function on (S, 0) with an isolated singularity at 
such that div(f op) is a normal crossing divisor on S and the exceptional part 
of div(f op) is D. Moreover, for each i, the number of intersection points Hi — 
div(f op) s ■ Ei is the strictly positive, where div(f o p) s is strict transform part of 
div(f o p). □ 

By [3J Remark 4.2], for any good resolution of the normal surface singularity 
(S, 0) there is a effective D which satisfies the condition of Proposition 12.41 Con- 
sider now the open book decomposition determined by a function / provided by 
Proposition 12 .41 let B = / _1 (0) HdWc and <p = As it was explained in [3], the 
resulting open book decomposition is horizontal, compatible with and with the 
notation n v = —D ■ E v each n v is strictly positive. 

Therefore there are horizontal open book decompositions compatible with the 
Milnor tillable contact structure £m , and indeed, we can find such open books with 
the extra condition that n v > for all v. A useful simple observation shows that if 
n = (n v ) appears as such a vector, then so does k ■ n for any positive integer k: 

Lemma 2.5. Let D be an effective divisor which satisfies the conditions of Proposi- 
tion\2.4\ Then any positive integer multiple k-D of D also satisfies those conditions. 



Proof. Let D = ^diEi be an effective divisor satisfying (D + E + K)Ei + 2 < 
for alH = 1, . . . , m. Let k be a positive integer. Then k((D + E + K)Ei + 2) < 
for all i. Since < £ j¥i EjEi + 2g{E l ) = (E - E t ) ■ Ei + {E t + K ) • Ei + 2 = 
(E + K)Ei + 2 < k((E + K)Ei + 2) for all i, we have 

(k-D + E + K)Ei + 2 < k((D + E + K)Ei + 2) < 

for alH. □ 

3. Horizontal open books for & 

Now we turn our attention to constructing horizontal open book decompositions 
compatible with the contact structure £c- First of all, following [TTJ Section 4] we 
extend the notion of an open book decomposition for manifolds with boundary as 
follows: if M is a compact 3-manifold with nonempty boundary dM , then (B, ip) is 
an open book decomposition if B C M — dM is an oriented link and tp : M — B — > S 1 
is a map which behaves near B as a usual open book does and restricts to dM as 
a fibration dM -4 S 1 . 

Suppose that Y is a plumibing 3-manifold along the plumbing graph T. Let v be 
a fixed vertex of the graph T and suppose that {vi, . . . , Vk} are the further vertices 
connected to v in the graph. Recall that e v denotes the framing fixed for v. Let 
N v , N Vj (for j = 1, . . . , k) and n v be positive integers satisfying 

(1) N v e v + J2N Vj =-n v . 

In short, if I denotes the intersection matrix of T (with the e„'s in the diagonal), 
then N ■ 7 = n, where N = (N v ) and n = (n v ). 
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Figure 1 . The diagram shows the special case when the vertex v 
has two neighbours Ui,i>2j furthermore N v = 4, N V1 — 2,N V2 — 1, 
and the given value of n v is equal to 1. 



Let D 2 be a 2-disk containing disjoint small disks Di, . . . , Dk and let A = D 2 — 
U^LjintDi. Consider M = A x S 1 with coordinates f3 € S 1 and 7j G dDj and 
a G 3D 2 (a and with orientation as boundary of D 2 and respectively). Now 
an adaptation of [11] Lemma 4.1] gives the following result. 

Lemma 3.1. There exists an open book decomposition (B, ip) on M — A x S 1 such 
that the following conditions hold: 

(1) ifildD^xs 1 = -e v N v a + N v /3. 

(2) <p\ 9D] xSi = N^j+Nvp. 

(3) The pages (p~ 1 (6) are transverse to dp. 

(4) The binding B is tangent to dp. 

(5) B has n v components Bx, . . . , B nv . 

( 6) When the pages are oriented so that dp is positively transverse, then B\, . . . , B,, 
are oriented in the positive dp direction. 

Proof. Let p\ , . . . , p nv be fixed points in A. We may assume that the centers of 
the disks D\ , . . . , Dk and the fixed points p\ , . . . , p Uv lie on a line segment and that 
each Dj and pi are contained in the interior of another disk D'j for l<j<k + n v 
such that the disks Dj and Dj +1 are tangent to each other at one point and the 
center of Dj is equal either to the center of Dj or to Pj~k', see Figure [TJ The desired 
open book decomposition on M = A x S 1 will be built from pieces. 

First we consider an index j between 1 and fc and describe the open book decom- 
position on (Dj ~Dj)x S 1 over the annulus Dj — Dj . Each such index j corresponds 
to an other vertex u of the plumbing graph T with the property that v and u are 
joined by an edge. Now consider the curve (N v , —N u ) on d((D'j — Dj) x S 1 ). Notice 
that the boundary d((D'j — Dj) x S 1 ) has two components, an inner and an outer 
one. In addition, the positive integers N v and N u are not necessarily relatively 
prime, therefore the resulting curve on one of the boundary components is not 
necessarily connected. Foliate the boundaries by these curves, and extend these 
foliations to a foliation of (D'j — Dj) x S 1 by (possibly disjoint unions of) annuli. 
cf . the left hand portion of Figure [T] 
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Figure 2. Computation of the slope of the curves on boundary 
of the union (LiD'j) x S 1 . The diagram depicts part of the page we 
get by gluing the pages of the individual open book decompositions 
together. 



Consider now an index j between k + 1 and k + n v . The disk Z)'- then contains 
Pj-k- The open book decomposition on Dj x S 1 will have binding equal to {pj-k} X 
5 1 and the pages provide a foliation of d{D' :j xS 1 ) by curves of type (N v , —1). (These 
conditions uniquely determine the open book decomposition.) For an illustrative 
example, see the right hand portion of Figure [1] 

The union of the above pieces now provide an open book on (UD'-) x S 1 . After 
trivial smoothings over the tangencies of the consecutive disks, this construction 
then extends to an open book decomposition on A x S . 

The proofs of the properties are routine exercises inside the individual pieces. 
There is one property which needs to be commented: we need to compute the slope 
of the fibration given by the pages on the outer boundary component 3D 2 x S 1 . 
By construction, the curves we get by intersecting the boundary with the pages 
are of type (N v ,x), where x is the sum of the corresponding coordiantes on the 
individual pieces, cf. Figure [2j By our choices, we get that x = —n v — ^N u where 
the summation goes for those vertices u which are connected in the graph T to 
v. By our choice of the vector N (given in Equation ([T])) we get that x = N v e v , 
verifying the first claimed property as well. □ 

According to a standard result (cf. [HJ Corollary 3.4], for example), for a 
negative definite symmetric matrix / with nonnegative off-diagonals, and for any 
n G (R+) m the vector -n ■ I^ 1 is in (K+) m . 

Theorem 3.2. Suppose that Y — Yr is a given plumbing manifold, where T is a 
negative definite plumbing graph on m vertices. Suppose that n = (m, . . . , n m ) is a 
given vector in N m . Then there is k G N and a horizontal open book decomposition 
(-B, ip) on Y which is compatible with £c and at each vertex v it has kn v binding 
components. 



SMOOTHINGS OF SINGULARITIES AND SYMPLECTIC SURGERY 



7 



Proof. Let T be the given negative definite plumbing graph with vertices corre- 
sponding to the surfaces C v [v = 1, . . . , m) with self- intersection numbers = e v 
and genera g(C v ) = g v . The graph defines a 4-manifold (containing the surfaces 
C v ) and Y is the boundary of this plumbing 4-manifold. 

For the given positive integral vector n consider N e Q m satisfying the relation 
given by Equation ([T]) N • 7 = — n, where (as before) I is a intersection matrix of 
the plumbing graph. The observation preceding Theorem 13.21 implies that N v is 
nonnegative for all v. Notice that a priori each N v is a rational number, but after 
multiplying both sides of Equation (|TJ) by an appropriate positive integer k, we may 
assume that the resulting vector (which we still denote by N) is integral. 

For constructing a horizontal open book decomposition on Y with the required 
properties, we decompose the neighborhood of the union C = UC V into fibered 
pieces: For the vertex v of the graph T we consider the S^-bundle over C v with 
Euler number e v . Let C v denote the punctured surface C v — D 2 . Suppose that 
dC v x S 1 has coordinates such that dC v x {1} = m v , {p} x S 1 — l v , and similarly 
3D 2 x S 1 has coordinates 3D 2 x {1} = a v and {p 1 } x S 1 = f3 v . We orient a v by the 
boundary orientation of D 2 and m v with the orientation opposite to the boundary 
orientation of C v . The ^-bundle over C v with Euler number e v is given by gluing 
D 2 x S 1 and C v x S 1 with the gluing map given by 

(2) a v + e v /3 v —> m v and j5 v — > l v . 

Assume that each C v meets the union U U ^ V C U in k v points. For each such intersec- 
tion point (that is, for each index i between 1 and k v ) choose a small disk Di C D 2 . 
Let A v = D 2 — int(£>i U . . . U D^) C C v be the complement of (the interiors) of 
the chosen disks. Near C v therefore we can decompose the 3-manifold as the union 
of A v x S 1 and C v x S 1 . 

On A v x S 1 we take the horizontal open book decomposition provided by Lemma [3.1l 
On C v x S 1 we consider the horizontal open book decomposition given by the map 
7T : C v x S 1 -¥ S 1 defined as tt = Nik- 

By Property (1) of Lemma [3TT1 when we glue A v x S 1 and C v x S 1 via the gluing 
map specified by Equation ([2), the open book decompositions also glue together. 
Therefore we have a horizontal open book decomposition near the surface C v . 

Let q be an intersection point of C v and C u with q S C C v and q G Di 2 C 
C u . When we plumb the two bundles at q, we glue the circle bundles with the 
map 7^ — > fii 2 and — > ji 2 (where the curves jj are as in Lemma f3TT)) . Thus 
Ni 2 ji 1 —Ni 1 f3i 1 maps to —(Ni 1 ji 2 —Ni 2 (ii 2 ). By Property (2) of Lemma l3. li the curve 
Ni 2 ji ± —Ni 1 f3i 1 is part of the boundary of a page of the open book decomposition on 
A v x S . After plumbing, the pages of the open book decomposition are obtained 
by gluing pages of the open book decompositions on A v x S 1 and A u x S 1 along 
N i2 j it — iV^jSij C d(A v x S 1 ) and N^ji^ - N l2 j3 l2 C d(A u x S 1 ). In conclusion, the 
pages of the individual open book decompositions glue together when performing 
the plumbing operation. This procedure therefore results a horizontal open book 
decomposition of Y = Yp with binding number n = (n v ). 

Finally we need to check that this open book decomposition is compatible with 
the contact structure £c- More precisely, we have to check that the Reeb vector 
field for a contact form representing £c is transverse to the pages and tangent to 
the binding components. Note that Reeb vector field can be chosen to be a positive 
multiple of de on /^~ 1 (t) (cf. [HI Proposition 4.2]), and a positive multiple of 
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b\d qi + bid q ^ for some 61,62 > on f e 1 (t). (Here wc follow the notations in [TTJ 
Proposition 4.2] for f^ l (t), /^(i), Qi , <32- In the above proof {51,92} = {ijiPj} 
on the neighborhood Dj.) Therefore the open book decomposition is horizontal, 
concluding the proof. □ 

As a corollary of the arguments given above, now we can show that the two 
contact structures £m and £c are contactomorphic. 

Corollary 3.3. Suppose that C C (X,uj) is a configuration of symplectic 2-manifolds 
as before, with u)- convex neighbourhood Uc and induced contact structure £c on 
dUc- Let £m be the Milnor fillable contact structure on the link of a singularity 
with resolution graph Tc- Then £m and £c are contactomorphic. 

Proof. Let {E v } denote the irreducible components of the exceptional curve in the 
resolution. These curves correspond to the vertices of the resolution graph Tc- Let 
D = diEi be an effective divisor satisfying the assumptions of by Proposition ^. 41 
(By [3j Remark 4.1] such D always exists.) As it is verified by Proposition ^. 41 the 
existence of D shows that there is a horizontal open book decomposition on Yr c 
compatible with which has n v = —D ■ E v > binding component at the vertex 
v. 

Define the vector N = (N v ) of positive rational numbers by the identity N ■ I = 
— n, where I is the intersection matrix of plumbing graph Tc and N = (N v ), 
n = (nv)- Suppose that with the choice k G N the products k ■ N v are integers 
for all v. Consider the horizontal open book decomposition corresponding to the 
divisor k ■ D. (As Lemma 12.51 shows, this divisor also satisfies the assumptions of 
Proposition 12.41 ) This procedure provides a horizontal open book decomposition 
of Yr c which is compatible with £m and has kn v > binding components at each 
vertex v of Tc:. 

Now apply Theorem 13.21 with the choice n and k as above. As a result, we 
get a horizontal open book decompositions compatible with £c having kn v binding 
components at each vertex v. Therefore the two contact structures £m and £c are 
compatible with horizontal open book decompositions with equal (and positive) 
binings, hence by Theorem 12.31 the structures are contactomorphic, concluding the 
proof. □ 

With these results at hand, now we can turn to the proof of the main result of 
the paper: 

Proof of Theorem \l.l\ Let C = (C\, . . . , C m ) be the given set of symplectic surfaces 
in (X,lu), and Wc a smoothing of a singularity with resolution graph Tc given 
by the configuration C. Let Uc be an w-convex neighbourhood of C in X (the 
existence of which is proved in [TT[ Theorem 1.2]). According to Corollary 13.31 
the contact structure £c induced on dUc is contactomorphic to the Milnor fillable 
contact structure £m on dWc, hence by the symplectic gluing theorem described 
in [7] (see also PU Theorem 7.1.9]), the manifold X c = (X - mtU c ) Wc admits 
a symplectic structure ujc which on X — Uc conicides with the given symplectic 
structure u>. The proof is complete. □ 

4. An example 

In this section we show an example of a family of singularities with resolution 
involving high genus curves, and for which the topological data of smoothings can 
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be computed. We will perform the symplectic surgery on symplectic 4-manifolds 
using these singularities and the smoothings. 

The singularity. Let s, t and N be positive integers such that N — 1 divides s + t 
and gcd(7V — l,t) = 1. Consider the hypersurface singularity (5,0) = (5 s ,t,jV,0) 
given by the equation 

(3) {x s +y s ){x t +y Nt ) + z N - 1 = 0. 

Repeatedly blow up the singular curve (x s + y s )(x t +y Nt ) = and then considering 
the ramified (N — l)-fold cover. After normalization and desingularization, and 
finally blowing down the rational (— l)-curves, we get the minimal resolution of the 
singularity (5, 0) with the following properties (cf. (HUH!]): The resolution consists 
of the union of two curves A and B, intersecting each other transversally once, 
A 2 = -iVand g{A) = (s-l)(N-2)/2 while B 2 = -1 and g(B) = (t-l)(N -2)/2. 

Specializing to s — 3 and t = 30iV — 33, the curve A is of genus N — 2 and B is 
of genus 157V 2 - A7N + 34. The condition gcd(iV - 1, t) = 1 is satisfied when N - 1 
is not divisible by 3. 

Topological data of the smoothing. We start with a short generic discussion 
about the computation of topological data of the Milnor fiber of a hypersurface sin- 
gularity. Suppose therefore that / : (C 3 , 0) —> (C, 0) defines the isolated singularity 
(5,0) and p : (S,E) -> (5,0) = (/ _1 (0),0) is its minimal good resolution. We 
write the exceptional divisor p _1 (0) = E as the union of irreducible components: 
E = E\ U • • • U E m . Let h = rankffi(S) and p g = dim c if 1 (5, 0§). The canonical 
class K of S can be written as "Y^TiEi, where the r\ are rational numbers, deter- 
mined by adjunction formula 2g(Ei) — 2 = E 2 + K ■ Ei. The Milnor number and 
the signature of the Milnor fiber of the singularity of / _1 (0) can be computed as 
follows: 

Proposition 4.1 The Milnor number n = dimcC{x,y, z} / ^) is 

equal to /i = K 2 — h + m + I2p g . The signature of the Milnor fiber is equal to 
<7 = -\(2[i + K 2 + m + 2h). □ 

The singularity given by Equation ([3]) is given as a ramified cover along a singular 
plane curve. For an isolated plane curve singularity the Milnor number satisfies the 
following equation. 

Proposition 4.2 ([T5]). For an isolated plane curve singularity (C, 0) C (C 2 ,0) 
H(C, 0) = d(d - 1) + Y, K&,x) + l-r, 

x£Sing(C) 

where r is the number of different tangent lines o/(C, 0), d is the multiplicity of C 
at and C is the proper transform of C after one blow-up at singular point 0. □ 

Regarding the first Betti number of an isolated singualrity we have 

Proposition 4.3 ( 14 ). Let X t be the Milnor fiber of a smoothing of a pure- 
dimensional isolated normal surface singularity (Xo,0), then bi(X t ) =0. □ 

Using the above formulae, for the singularity (5, 0) specified by the function of 
Equation ([3]) we have 

• The Milnor number p = b 2 {X t ) = (N - 2)((s + t)(s + t - 1) + (N - l)t(t - 
l) + l-«-t). 



10 



HEESANG PARK AND ANDRAS I. STIPSICZ 



• The signature of the Milnor fiber is equal to a = —^(2fj, + K 2 + m + 2h). 

For the specialization s = 3, t = 307V — 33 (and TV — 1 is not divisible by 3) these 
data become 

• fi(f + z N - x ) = 9007V 4 - 38107V 3 + 52927V 2 - 2705JV + 322, 

• a = -3007V 4 + 9607V 3 - ^7V 2 + ^pTV - 2. 

Symplectic surgery and the singularity. Next, we construct a symplectic man- 
ifold which contains the curve configuration ( A, B) described above. According to 
[21 Theorem 1] there is a surface bundle X — > T,n-2 with fiber genus 157V 2 — 477V+34 
over the surface with genus TV — 2 such that there is a section with self-intersection 
—TV. Let M denote the blow-up of X in a fiber. The fiber passing throgh the blown- 
up point, together with a section now provides the configuration of two curves 
(A, B) with intersection patterns as in the resolution graph of the singularity given 
by Equation (|3|). 

Applying the symplectic surgery operation of replacing the neighbourhood v(AU 
B) with the smoothing W of the corresponding singularity, we get a symplectic 4- 
manifold M\y- Since the embedding map A U B — > X is onto on the first homology, 
Proposition 14.31 implies that bi(Mw) = 0. 

Remark 4.4. Symplectic ^-manifolds containing similar configurations of sym- 
plectic submanifolds can be found near the Bogomolov-Miyaoka-Yau (BMY) line 
c\ = 9\h- (For J^-manifold on the BMY line, see [21] . ) We hope that using the 
symplectic surgery operation discussed in this paper, one will be able to construct 
symplectic manifolds with b\ — (or even with -K\ = 0) near the BMY line. We 
hope to return to this question in a future project. 
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